ABSTRACT We present a theoretical analysis of intracellular calcium waves propagated by calcium feedback at the inositol 1,4,5-trisphosphate (OP3) receptor. The model includes essential features of calcium excitability, but is still analytically tractable. Formulas are derived for the wave speed, amplitude, and width. The calculations take into account cytoplasmic Ca buffering, the punctate nature of the Ca release channels, channel inactivation, and Ca pumping. For relatively fast buffers, the wave speed is well approximated by VOO = (JeffDef/CO)1'2, where Jeff is an effective, buffered source strength; Deff is the effective, buffered diffusion constant of Ca; and CO is the Ca threshold for channel activation. It is found that the saturability and finite on-rate of buffers must be taken into account to accurately derive the wave speed and front width. The time scale governing Ca wave propagation is Tr, the time for Ca release to reach threshold to activate further release. Because IP3 receptor inactivation is slow on this time scale, channel inactivation does not affect the wave speed. However, inactivation competes with Ca removal to limit wave height and front length, and for biological parameter ranges, it is inactivation that determines these parameters. Channel discreteness introduces only small corrections to wave speed relative to a model in which Ca is released uniformly from the surface of the stores. These calculations successfully predict experimental results from basic channel and cell parameters and explain the slowing of waves by exogenous buffers.
INTRODUCTION
Planar waves, spiral waves, and oscillations are observed in a large variety of biological systems (reviewed by Winfree, 1987) . These spatiotemporally complex phenomena are manifestations of the excitable nature of individual cells or aggregates of cells. One widespread example in eukaryotes is the initiation and propagation of calcium waves in eggs and other cells (Berridge, 1993) . Calcium waves are triggered by the activation of receptors on the cell surface. This stimulates the production of inositol-1,4,5-trisphosphate (IP3), which diffuses through the cytosol and activates internal 'P3-sensitive receptors (IP3R) that open and allow Ca21 to be released from an intracellular store, the endoplasmic reticulum (ER). The wave is then propagated across the cell by positive feedback of released cytosolic Ca2+ that further activates the LP3R (Finch et al., 1991; lino and Endo, 1992; Lechleiter et al., 1991; .
Theoretical investigations of these intracellular calcium waves have been carried out using continuum reactiondiffusion models (DeYoung and Keizer, 1992; Sneyd et al., 1993; Atri et al., 1993; Tang and Othmer, 1994; Wagner and Keizer, 1994; Jafri and Keizer, 1995) . Most studies so far have attempted to construct models that are as realistic as possible by fitting the functional structure of the various building blocks (e.g., channel characteristics, Ca2+ pumps, and buffer kinetics) to experimental data.
Given the particular parameters of a biological system, numerical simulation can yield an exact solution, and these models give planar, circular, and spiral waves that reproduce experimental observations. However, when the details of the phenomenon are not understood precisely, this can be an overly restrictive approach. Furthermore, exploration of a multidimensional parameter space by numerical methods is impractical.
Analytical methods, on the other hand, produce formulas that can lead to more physical insights into a problem. Such insights begin with the identification of appropriate groupings of parameters that capture the natural scales of the phenomenon. Analytical formulas thus obviate the need for exploration of parameter space. Finally, once calculations are in hand, they are more easily generalized to accommodate new, unforeseen features of the system.
Here we construct a model that is analytically tractable, in part by discarding some of the fine details found in the more extended models. We are able then to derive simple formulas for the velocity and wavefront length for planar waves. Our main goal is to identify the factors that play a central role in determining the main wave characteristics. We concentrate on the case in which 1P3 is uniformly elevated in the cell and the waves are limited by calcium diffusion.
As our starting point, we used a model analogous to the FitzHugh-Nagumo model, originally used to describe nerve impulse conduction (for a review see Murray, 1989) . Fol- lowing McKean (1970) and Rinzel and Keller (1973) , we expressed the feedback properties as step functions, in this case the activation and inactivation properties of the 1P3 receptor as functions of Ca2+. This approximation allows an analytical solution for wavefront and pulse propagation.
Our work additionally takes into account three previously neglected aspects of calcium excitability. The first is the fact that Ca2+ reacts with endogenous and exogenous buffers at finite rates. Earlier studies that considered the presence of buffers either subsumed their effect in an effective diffusion constant or assumed very fast reaction rates (Wagner and Keizer, 1994; Sneyd et al., 1995; Jafri and Keizer, 1995) . These assumptions overlook the possibility that calcium emanating from a channel may be able to stimulate further calcium release before it has come into binding equilibrium with buffers-a competition between the time scales of buffering and channel activation. Experiments with added exogenous buffers suggest that buffer kinetics do indeed play an important role in determining the characteristics of Ca2+ waves , and among our goals is establishing a theoretical understanding of these recent measurements.
A second aspect of calcium excitability previously disregarded is the punctate nature, or discreteness of the calcium channels (see, however, Dupont and Goldbeter, 1994) . For a continuum approach to be justified, the spacing between channels must be shorter than all other length scales associated with the phenomenon, including those that are not apparent as experimentally measured parameters but are still intrinsic to the mechanism. This is in fact not the case, but it will be shown that the required corrections induced by channel discreteness are small for the parameter ranges considered here.
Third and finally, we clarify the effect of inactivation on pulse width and height. We find that in biological ranges of parameter values, Ca2+ release in a passing wave is terminated by channel inactivation. This sets peak Ca2+ concentration and front length, but not the wave speed, which is only minimally affected by inactivation.
The main results of this paper may be summarized as follows. The dimensional combination of parameters that gives the scale of the propagation speed of calcium waves is (JeffDeff/CO) /2, where Jeff is the effective free Ca2+ influx when the channels are activated, Deff is the effective diffusion constant of calcium, and C0 is a concentration scale that corresponds to the channel activation threshold. This combination has the form (Deff/Tr)12, where Tr = CO/Jeff reflects the time needed for calcium release to activate further release (cf. Luther's equation ; Luther, 1906; Jaffe, 1991) .
The propagation speed is strongly dependent on buffer concentration and buffer kinetics. The presence of fast buffers significantly slows down the wave, whereas the presence of slow buffers does not. The fast buffer kinetics regime applies for KfB >> JoICo, where Kf is the Ca2+ buffer forward reaction rate, B = [B] total is the total concentration of buffer sites, and J0 is the total, unbuffered ("bare") calcium flux through activated channels. Under this condition, the propagation speed of a planar wave is approximately given by where D is the diffusion constant of free Ca2+, and Db is that of the buffers and buffer-bound Ca2 , which we assumed to be equal. The dimensionless quantity K is an averaged buffer capacity. In the opposite regime of slow buffer kinetics, the scale of the wave speed is determined entirely by the bare parameters for free Ca2+: (0 ) 2Jo KfB) Relative to a continuum model, wave speed is reduced when the Ca2+ source is composed of physically discrete channels. The magnitude of this effect depends on the dimensionless channel spacing, a, which in turn is a function of the actual channel spacing, A. For fast buffers, a = A(Jeff/CODeff)"2, and for slow buffers a = A(JO/COD)"2.
The wave speed is slower than the prediction of a continuum source model by a factor of 1 -O(a3/2). However, for physiological parameters this effect reduces the speed by only a few percent.
Because they are slow on the timescale Tr, channel inactivation and pumping activity have only small effects on the wave speed. However, the channel inactivation time, Tin' does determine the wave amplitude, Cmax, and the width of the rising front, W, which are given by Cmax = JeffTin and W VTin (4) THE MECHANISM OF Ca2+ EXCITABILITY Calcium waves start from a resting state in which the concentration of intracellular Ca2+ is four orders of magnitude lower than in the extracellular medium. Calcium release is triggered when an external agonist binds to a cellsurface receptor. This reaction stimulates, though a G-protein, the production of IP3, a water-soluble carbohydrate. 1P3 diffuses then though the cytosol, and binds to receptors embedded in the surface of the ER. The receptor protein is an 'P3-gated channel that allows the release of Ca2+ from the ER into the cytoplasm.
IP3R channel opening not only requires 'P3, but also depends on local Ca2+ concentration (Bezprozvanny et al., 1991; Finch et al., 1991; Iino and Endo, 1992 IP3R constitute a feedback mechanism-positive in the case of activation, and negative for inactivation. Another calcium release channel with similar calcium feedback properties is the ryanodine receptor (Gyorke and Fill, 1993) . Unlike IP3R, these channels only require calcium to open. Our model considers only calcium feedback, and therefore (with appropriate parameter replacement) can be applied as well to systems in which ryanodine receptors provide direct calcium-induced calcium release, without the formation of 'P3.
After the passage of a calcium wave, the low Ca2+ concentration is restored by means of ion pumps and antiporters. Pumps are found both on the plasma membrane and on the surface of the ER. These pumps and antiporters have heterogeneous properties, but even for fairly large deflections from the resting Ca2+ level, the relaxation due to pumping activity has been observed to fall with a single exponential decay rate (Tse et al., 1994 ; but see also Herrington et al., 1996) . Calcium is also strongly buffered in the cell. Measurements in cells indicate that buffer-bound calcium is at least an order of magnitude less mobile than free Ca2+ (Baker and Crawford, 1972; Neher and Augustine, 1992; Allbritton et al., 1992) ; thus the apparent molecular weight of the buffers is 106 or higher. The identity of these buffers is for the most part unknown, but they include proteins such as parvalbumin and calbindin.
These pumping and buffering mechanisms work against a continual leak of calcium from the internal calcium stores and from the extracellular fluid. The The dimensionless pumping coefficient, y, turns out to be a small number, and has hardly any effect on the dimensionless wave speed, which is approximately 1. In dimensional terms, this implies that V (JoD/Co)112.
The width of the wavefront, that is, the characteristic length over which the concentration rises, is determined by q+, the exponent with the smaller absolute value:
I Iy (10)
In dimensional units, this implies that W (JoD/Cor2)"/2.
As will be shown below, the estimate for V is drastically altered by the presence of buffers, but is almost unaffected by channel inactivation. For To account for the presence of buffers, Eq. 5 has to be replaced by a set of two equations describing the free and the bound calcium concentrations. In the comoving frame: (14) We start by considering the linearized case. 
where Db is the diffusion constant of buffered calcium. In dimensionless form, (17) where the dimensionless buffer-bound calcium concentra- renormalized by the same factor as JO, and so the dimensionless parameter y is not changed by the presence of buffers.
Next we account for fast but finite buffer reaction rates. We start by considering a system in which buffers are immobile (db = 0). In this case, asymptotic expansions can be derived in both limits of fast and slow buffer kinetics. For fast buffer kinetics, k >> 1, the wave speed is given by the
where the first two coefficients of the expansion are related by
The same quantity, written in dimensional units, is vP '(r, o) [Vo(, o) 
In the opposite parameter regime of slow buffer kinetics, k << 1, and immobile buffers, the wave speed is given by (Bender and Orszag, 1978) by the use of a Pade approximant (not shown); this approximation agrees well with the numerical solution. Arrows indicate wave propagation speeds for buffers with on rates equal to those of 1,2-bis(2-aminophenoxy)ethane-N,N,N,N-tetraacetic acid (BAPTA) (k = 2) and EGTA (k = 0.02). For these parameter values the buffer will only slow the wave if it has a fast, BAPTA-like on rate.
We turn now to the case of buffer saturation, when buffer capacity is a nonlinear function of calcium concentration. To focus on the nonlinear aspects, we assume that the buffers are immobile and infinitely fast. Starting from Eqs. 16 and 17, the concentration profile, c(x), can be shown to satisfy the equation
An exact solution is not possible because of the nonlinearity of the second term. A numerical approach has been taken by Wagner and Keizer (1994) . However, an approximate solution to Eq. 30 can be obtained by the following argument. It was already pointed out that the wave speed is determined essentially at the leading edge of the channel activation front. Therefore, it ought to be possible to replace the nonlinear prefactor, K(C), by an appropriate average, K, over the region of interest. A reasonable approximation is to substitute for K(C) its value K at a concentration, c, near the channel activation threshold, c = 1. Two possible substitutions for K were tested: the differential buffer capacity, K(C), and the overall total-tofree calcium concentration ratio, which is a different quantity when the buffer is saturable.
Comparison with numerical solutions of Eqs. 16 and 17 showed that the substitution of the total-to-free calcium concentration ratio, that is, K = 1 + beq(j)/W, is a good approximation, Given this definition, it was furthermore found empirically that the best fit was obtained using c = 2.
Such averaging might be generalized to also include buffer diffusion and finite reaction rates. The straightfor-ward generalization is to make the same substitution K for Ko in Eqs. 26 and 27 (for fast buffer kinetics). We tested this conjecture by examining numerical solutions of Eqs. 16 and 17. The comparison is plotted in Fig. 3 for y = 0.05,
[B]total = 1OOCO, k = 2, 10, and kD spanning the entire relevant range, between 0.1 and 5. The agreement of this approximation (curves) with the exact solution (symbols) is remarkable. This leads us to conclude that linearizing Eq. 30 by substituting K = K(2) in place of K(C) gives accurate results for wave propagation in a saturating buffer.
In the subsequent sections, in which we treat the effects of channel discreteness and inactivation, we will consider the buffers to be unsaturated. Although we do not solve for the more general case of buffer saturation, it is not unreasonable to assume that the results are likewise generalizable by the substitution Ko -> K.
The effect of channel discreteness
We next consider whether the discreteness of the calcium channels has a significant effect on wave propagation. To do that, we replace the continuously distributed Ca2+ source model by the discrete model depicted in Fig. 1 . In this model the channels are uniformly spaced in one dimension with spacing A between adjacent channels. In dimensionless units, a = A/A, where the length scale is A = (CoD/Jo) 12.
To match the continuum limit, the flow through each segment of length A is then concentrated in the channel, a point source of strength J = J0 A (and in dimensionless units, j = a).
Buffers are assumed to be in an equilibrium binding ratio of 1:(Ko -1) between free and bound calcium, to be unsaturated, and have a forward buffer binding rate k. The front propagates from left to right by means of successive activation and opening of the channels. Channels open regularly at time intervals, T, when the concentration attains the threshold value c = 1. We set the channel at x = 0 to open at time t = 0. The channels located at x =-an opened at times t =-rn, whereas the channels at x = am will open at times t = nm. Under these definitions, the front velocity is v = alT. The mathematical details that lead to the following results can be found in the Appendix.
In the limit of infinitely fast buffer kinetics and small channel spacing, we obtain the asymptotic expansion
where aeff = a/Aeff and Aeff = (deff/jeff)1/2. Thus, with discretely spaced channels, the second term reduces v by a fraction that is proportional to the 3/2 power of channel Buffer affinity (kD) our analysis would still apply to this case, because for such a diffusion-limited process the difference is only a numerical correction factor of order one.
The effect of channel inactivation It has been assumed so far that once activated, a channel remains so indefinitely. However, an important characteristic of the IP3 receptor is inactivation, which causes release to end and allows the restoration of a low calcium concentration.
To realistically capture this characteristic, a model of the IP3 receptor must include both inactivation and recovery from inactivation. Unfortunately, information about these processes is incomplete. Experiments so far have focused on inactivation, which takes place in 0.025-0.2 s (Finch and Goldin, 1993; Parker et al., 1996) and is at the fast end of this range at higher Ca2+ concentrations (Finch and Goldin, 1993) . In the steady state, activation and inactivation combine to give a probability of channel opening that is a bell-shaped curve (Bezprozvanny et al., 1991) . Compared to inactivation, recovery from inactivation can be very slow. Reconstituted single channels from cerebellum take tens of seconds or longer to recover from an inactivating exposure to Ca2+ (E. Kaftan, personal communication), and in paired-pulse experiments in oocytes using caged IP3, calcium responses are depressed for seconds (Ilyin and Parker, 1994 ).
In previous considerations of calcium waves and oscillations, the degree of channel inactivation has been represented as a variable that we write here as p(x, t). At p = 0 all channels are available for opening, and at p = 1 they are fully inactivated. The dynamics of p are coupled to calcium concentration; the form of this relationship is quite generally taken to be ac a2c at ax2 -yC +f(c)(1 -p) ap tjf at = P + g(c) (34) (35) wheref(c) and g(c) are rates of Ca-dependent activation and inactivation of the IP3 receptor. In this formulation inactivation and recovery are taken to have the same characteristic time, ti, However, this approach may not be adequate because of the large difference between inactivation and recovery rates. We have chosen to concentrate on the advancing wavefront, for which recovery is not relevant. To obtain a simple model, we take the slowness of the recovery to its extreme by assuming that after inactivation, channels do not recover at all.
We assume that the Ca dependence of inactivation, g(c), is a step function: inactivation is switched on when calcium rises above a threshold cl = CI/CO. We make a second simplification: after calcium rises above this threshold, calcium release ends not gradually, but abruptly after time Tin (in dimensionless units, tin, = (Jo/Co)Ti.). As in previous sections, the activation curve f(c) is a step function e(c -1). In this section we will again take buffer kinetics to be infinitely fast. As explained previously, the net effect of fast buffering is to renormalize D, J0, and r. 
This equation is nonlocal in time (the second step function introduces a retarded process), but is still piecewise-linear and thus tractable by simple analysis. The net result is that the time-shifted inactivation E[(c, -c(x, t -tin)] adds a region to the concentration profile in which channels are inactivated (Fig. 5) . For x > 0, the concentration is below the activation threshold, c ' 1, and the channels are closed. For -1 < x < 0, where 1 is a length to be determined by the calculation, the channels are activated, and the Ca2+ concentration rises in time. For x < -1, the channels are inactivated, and the concentration consequently decays, driven by pumping activity. Channel activity measurements (Finch and Goldin, 1993) In the moving frame, this translates into a spatial constraint, 6) C(tj0V -I) = C1.
The six constraints yield a set of two equations for the unknowns v and 1, Calcium oscillations are observed in a variety of cells (Prentki et al., 1988; Berridge, 1990 (Finch et al., 1991) reveals that f'(c*)/f(c*) < 1 at all Ca concentrations, consistent with a two-site model for activation. As a result, Ca2+ oscillations require that FeffT,n > 1. In other words, pumping must be faster than inactivation, and wavefronts must be pump-dominated. Parker et al., 1996) . In contrast, at least one numerical model has this quantity as about 1.3 (Atri et al., 1993, assum- ing a peak Ca of 3 ,uM). Although this produces oscillations, such high pump rates are inconsistent with the experimental observations.
The failure of the two-variable model to produce Ca oscillations by using biologically accurate parameters suggests that it lacks a crucial component. One possibility is suggested by the relation between rates in Eq. 44: for oscillations to occur after a wave peak, pumping must outstrip the return of IP3 receptors from inactivation. This could be accomplished in a model by specifying that channels return slowly from inactivation, or by setting an absolute refractory period during which inactivated IP3 receptors cannot release Ca2+ at all. Then only the rising phase of the wave would be dominated by inactivation, and Ca2+ could return to a low value before release begins again (Fig. 5) . This scenario remains to be substantiated, but it is at least not a priori inconsistent with observed periods on the order of several seconds.
COMPARISON TO EXPERIMENTS
We compare our results to measurements of calcium waves in mouse neuroblastoma cells , by calculating parameter values and computing wave parameters, and then comparing these values to experimental results.
Parameter values
Based on an average IP3 binding site density of 5.5 ,m3, an average channel spacing of 0.3-0.5 ,um is obtained , depending on whether one or four IP3-binding sites are assumed per channel. The singlechannel current through IP3 receptor channels has been estimated to be 0.5 pA (Bezprozvanny et al., 1991 Similarly, the inactivation range lies between 0.3 ,uM and 2.4 ,uM. Because the Ca2+ dependence of these processes is graded, we used as thresholds the concentrations of calcium at which these processes are half-maximum. This gives CO 0.5 ,uM for the activation threshold, and C1 0.6 ,uM for the inactivation threshold. Interpretation of the experimental data is complicated by overlap between the time course and Ca2+ dependence of activation and inactivation, and by the limited time resolution of the data (fastest sampling rate of 17 ms). These limitations cause inactivation to partially mask activation, and the activation threshold may be even higher than inferred.
Despite the fact that inactivation may occur at lower concentrations than activation, calcium excitability can still occur because activation occurs more quickly. The activation time is faster than the sampling rate and is therefore less than 17 ms. The inactivation time, on the other hand, was found to be slower, -0.1-0.2 s (Finch and Goldin, 1993; E.A. Finch and J. Sneyd, personal 
communication).
Using the above unbuffered estimates for J0 and C0, the time to reach threshold is -= 0.2 ms Jo (45) and the characteristic channel rate is Jo/Co = 5 X 103 s-1.
Using this as the time scale and taking Tin = 0.2 s, the dimensionless 1P3 receptor inactivation time is tin = 103.
Experiments show that free Ca21 is removed from the cytosol within 4-8 s (Tse et al., 1994; Wang and Thompson, unpublished observations), giving reff = 0.12-0.25 s-l. This rate is affected by the presence of fast endogenous buffers, which typically bind 99% of the cytosolic calcium. Because only free Ca2+ ions are available to be pumped, the bare pumping rate in the absence of buffers is therefore higher by a factor of 102, and F = 12-25 s-. The corresponding dimensionless pumping rate is y = 2.4-5.0 x i0-3
The concentration of endogenous buffers in the cytosol has been estimated to be [B] ttal-100 ,uM , and the equilibrium total-to-free Ca2+ ratio is R = 100. This would make Jeff 27 ,M/s, consistent with the observation of Ca2+ release rates in oocytes of 10-150 ,tM/s (Parker et al., 1996) . The buffer reaction on rate is closer to that of BAPTA than that of EGTA (Neher s-1 and Db = 20 ,um2 s-1. This latter number was chosen to reflect experimental conditions in which both the nearly immobile endogenous buffers (Allbritton et al., 1992; Neher and Augustine, 1992) and the mobile indicator dye, fura-2 (Baylor and Hollingworth, 1988) , are present.
The effective parameters are, consequently, Deff = 22 /im2
s-1 and JefCo = 50 s-1. The characteristic length scale associated with the wave is then Aeff (CoDedlJeff)'2 = 0.5
,im, resulting in a dimensionless channel spacing of aeff = 0.8. For this spacing, wave speed is not significantly altered from the continuum case (Fig. 4) . Note the continual distinction between "bare" and "effective" parameters. It is important in the present context; in a given calculation, one must use either the bare or the effective parameters, not a mixture of the two.
Comparison to experiments
Combining the various parameters, we obtain the following estimate for the wave speed. To leading order, the velocity is given by the basic formula for V(). The correction due to finite buffer kinetics may be inferred from Fig. 2 . For k = 2, the velocity is -5% larger than its value in the case of infinitely fast buffer kinetics (k = c°). In addition, we expect discreteness to reduce the wave speed by, at most, 2%. The effects of pumping and inactivation on the wave speed are negligible. As a result, 
where K1 and K2 are the individual buffer capacities. This case corresponds to the experiment of adding BAPTA-type chelators, the on rates of which are on the order of those of the fast endogenous buffers. The amount of added buffer was estimated through an "attenuation factor" see Neher and Augustine, 1992) , which is roughly the ratio of the buffer capacity before (Kj) and after (Keff) the loading of the exogenous buffers.
Equation 20 predicts that wave speed should be reduced approximately by the factor (Keff/K1)112. Averaged over all buffers tested, the wave speed was found to decrease by 27% . Such a decrease in the velocity would result from a doubling in the effective buffer capacity, an estimate that seems reasonable. Because a number of different buffers of the BAPTA family were tested, it was possible to test the prediction by matching the changes in wave speed to the amount of change in buffer capacity. The comparison is complicated by the fact that the attenuation factor measures the differential buffer capacity, whereas it is the integral capacity that was found to be important in the determination of the wave speed. For buffers with low KD, this distinction is significant, and we corrected for this.
The comparison between the measurement and the prediction is shown in Table 2 . A good agreement was obtained for the 5,5'-Br2-BAPTA/AM buffer. This buffer has a relatively large dissociation constant KD. For 5,5'-dimethyl-BAPTA/AM, which has a small KD, the prediction is within the experimental error bar. For the case of fura-2/AM, the difference between measurement and prediction is large. The reason for this discrepancy is unknown. It could be accounted for if fura-2 were more mobile than the other buffers and therefore less able to slow down the wave. 
The wave width was measured to be W = 13.3 ± 5.5 ,um (mean ± SD), which matches this calculation.
DISCUSSION
The analysis presented in this paper provides simple relations between the main calcium wave characteristics and the underlying microscopic parameters. These calculations apply to systems in which the positive feedback necessary to sustain wave propagation is provided by calcium-induced calcium-release (CICR) at the IP3R. The propagation speed is then determined by a combination of the effective calcium diffusion constant Deff, and the time scale of the feedback loop, which is inversely proportional to the effective release rate Jeff.
Here "effective" refers to the values of quantities as modified by buffers, in contrast to "bare" or unbuffered quantities. For example, the release rate in the absence of buffers Jo is replaced by an effective value Jeff = JJKR where K is the buffer capacity. Because K is large in cells, buffers therefore have a significant impact on effective properties.
The effects of buffers are describable entirely in terms of parameter renormalization only if the buffers are infinitely fast. Finite kinetics introduce subleading corrections, which depend on the ratio of the binding reaction rate and the rate of the CICR feedback loop. These corrections are generally significant. For linear, or nonsaturated buffers, we obtained analytical formulas for the limits of fast and slow buffer kinetics.
The influence of buffers increases with buffer concentration, but this effect is suppressed by buffer saturation. For saturable buffers, these analytical formulas are still reasonably accurate, provided that the Ca2+-dependent buffer capacity is replaced by an appropriate average value. The concentration profile of a wave, whether the cell responds by a single wave or generates a repetitive train, is divided into two qualitatively distinct regions: a rising front followed by a decaying tail. The length of the rising front is governed by the receptor inactivation time Ti. This is the duration of calcium release, and it therefore determines both the pulse amplitude and the rising front length. During the decaying part, a low-calcium state must be restored before the receptors may be activated again, and this is therefore governed by pumping activity.
All of the corrections that we have considered may be summarized by the following cumulated expression for wavefront velocity: The variable terms within the curly brackets are, respectively, first-order corrections arising from pumping, fast buffers, channel discreteness, and channel inactivation. The numerical coefficients to these corrections (i.e., (2/X)1/2/12) are model dependent. However, the parameter groupings are model independent and reveal the appropriate scales for these biological phenomena when considering calcium wave generation.
Our analytical result for wave speed parallels earlier theories. The expression for the speed of a wave propagated by an autocatalytic reaction together with diffusion, V -(DeffTr)"2, goes back to Luther (Luther, 1906; Jaffe, 1991) , where Tr is a characteristic time for calcium rise to close the feedback loop. For the particular case of propagation by calcium-induced calcium release, our calculation for V() is made equivalent to this expression by taking Tr = Jeff/CO.
An alternative theory for Ca wave propagation was proposed by Meyer (1991 co/Jo propose a relation for systems with infinitely fast buffers (Sneyd and Kalachev, 1994; Sneyd et al., 1995) . Here we have shown that another problem with Meyer's expression is that it does not take channel inactivation into account. All of these relations rely on the assumption that the CICR feedback time scale Tr is equal to the total duration of calcium release, which is in general not true. The duration of calcium release is in fact longer and is limited by the inactivation time.
To summarize, the correct expressions are V Deff (55) The length-speed product, W V, has been measured by . Their interpretation of this quantity, in terms of previous theory, as a diffusion constant is not correct, for the reasons we have discussed. The correct interpretation is that the length-speed product expresses a relationship between calcium diffusion and IP3R flux, activation, and inactivation parameters. Given our assumption for Deff, the observation by Wang and (Prentki et al., 1988; . Because during this delay period IP3 concentration may still be rising toward a plateau, it is possible that the delay is caused by the time required for IP3 to reach a threshold concentration that supports initiation and propagation of a calcium wave . This IP3 threshold can be explained within the framework of our discrete model. When IP3 is low, the effective channel spacing is increased and the effective current density decreased. The question is then whether there exists a threshold density of channels below which waves cannot propagate. An absolute minimum criterion is that at large channel spacing, release must continue for a long enough time to activate the neighboring channels before channel inactivation takes place. Under this constraint, the fraction of 'P3-bound receptors p must satisfy the inequality CO PJ.reff <Tin (56) For the parameter values we have used, this gives a minimum value for p of 0.1. This corresponds to either 10% saturation of receptors, or to complete saturation of IP3R spaced at an average distance of 0.7-1.0 ,tm. The delay to calcium wave initiation would then be explained by a rise in IP3 until activated receptors are closer than this critical distance. Then spontaneous opening of a channel would be the trigger for Ca2+ release. This mechanism could explain the strongly nonlinear nature of the IP3 dose-response relationship (Parker and Ivorra, 1993; Parker et al., 1996) .
The characterization of repetitive wave trains, and notably the condition that determines whether a cell generates a single pulse or a periodic wave, is beyond the scope of this paper. Here we have shown that even establishing such conditions for a uniformly oscillating cell requires a better understanding of how channels and stores recover from inactivation.
Periodic wave phenomena add a theoretical challenge: these wave characteristics do not simply follow from the microscopic parameters by dimensional arguments. In repetitive waves, the nonlinearity of the activation and inactivation curves plays a subtle role. Typically, reactiondiffusion equations for an excitable medium do not even determine a unique wave frequency, but rather give rise to a continuous family of allowed solutions (Rinzel and Keller, 1973) . A full explanation of these complex phenomena will require experimental resolution of and theoretical accounting for detailed biological mechanisms. 
APPENDIX
There are now four matching conditions at x = 0, the additional one being c"(0+) -c"(0-) = 1. Noted added in proof. E. Oancea and T. Meyer (1996) have directly measured recovery from 'P3 receptor inactivation and found that its time course in RBL cells roughly matches the interval between Ca spikes, in consistency with our prediction (J. Biol. Chem. 271:17253-17260) .
